ABSTRACT. On the basis of differential and integral methods of solving the boundary value problem and with the help of poloidal-magnetic-field or flux measurements by means of probes located outside the vacuum chamber, methods which are insensitive to measurement errors are developed for determining the position and shape of the boundary magnetic surface in a tokamak.
INTRODUCTION
For tokamaks with non-circular and varying plasma cross-sections, we require diagnostic methods of determining the plasma column position and shape in order to analyse the experimental results and to optimize the equilibrium control system. Possible approaches to solving this problem by means of magnetic measurements outside the plasma have been considered in greatest detail in Refs [1] [2] [3] [4] [5] .
If the magnetic field set up by the external conductors is known, the shape of the plasma in the tokamak depends only on the plasma current distribution in the column. The methods proposed in Refs [1] [2] [3] [4] [5] consist basically in finding that plasma current distribution whose corresponding magnetic field exhibits the best agreement along some contour L with the experimentally measured value. The current distribution is modelled with multipole moments in toroidal geometry [1, 2] , a set of infinitely thin current rings [2, 3] and smooth equilibrium flux functions [2, 4] .
The purpose of the present work is to make a more detailed study of plasma column shape, further developing our methods of determining it in a tokamak through the solution of a boundary value problem formulated in both integral and differential forms. Unlike the results obtained in Refs [1] [2] [3] [4] [5] , we have here developed methods which are not sensitive to measurement errors for determining the configurations resulting from arbitrary shifts of plasma position within the confinement region. The possibilities of both approaches are investigated on the basis of solving the direct model problem of plasma MHD equilibrium.
BASIC MATHEMATICAL RELATIONS
To determine the mathematical relations connecting the magnetic fluxes measured outside the vacuum chamber with the parameters of the magnetic surfaces, we use Maxwell's magnetic field equations:
Considering the axial symmetry of the currents in a tokamak, we introduce the flux function ^ with the equation
where A is the magnetic-field vector potential generated by the current j*, which is co-linear with vector d$ of the integration contour enclosing the symmetry axis. In this case, the differential relation connecting the flux function ^ with the current j in the curvilinear system of co-ordinates q!, q 2 , q3 takes the form 
J3
where hj, h 2 , h 3 are Lame'coefficients. Since in the plasma j 3 is a function of flux we assume j 3 = 0 if ^ < ^B . The surface *(q l 5 q 2 ) = will be called the boundary magnetic surface. In the region of space where j 3 = 0, Eq.(4) in the toroidal system of co-ordinates rj, #, v? [7] with the Lame' coefficients 
Using the Green's function method [8] , we obtain from Eq.(4) an integral relation connecting flux ŵ ith current j 3 . This relation can be written in the cylindrical system of co-ordinates r, <p, z in the following form [6] : (9) where B^x) and B#(x) are the poloidal magnetic field components measured, respectively, by the oriented magnetic probes located along contour L. The poloidal field is generated by currents which are both internal and external in relation to contour L, there being only the plasma current inside contour L.
The solution of Eq.(5) takes the form [5] : (6) where
and K(k) and E(k) are elliptical integrals of the first and second kind. Supplementing Eqs (5) and (6) with the boundary conditions along some contour L enclosing the region S inside which the current jy, flows, we obtain the boundary value problems formulated in the differential and integral forms, respectively. The function î s determined along contour L with the help of probes measuring the poloidal flux of the current magnetic field [9] . Solving the boundary value problems (5) and (6), we obtain a family of magnetic surfaces defined by the equation ^(C) = const, where £ is a point in the space of the variables q x , q 2 , q 3 . The shape of the boundary magnetic surface is determined from the equation
(8)
If there are no separatrix points inside the chamber and the plasma column touches the chamber walls (contour £), we find S. 0 G£ from the condition 
n-i/2> Qn-1/2 a r e * n e associated Legendre functions of the first and second kind [10] . Since the values of the functions B r? (x) and B#(x) are specified at a finite number of points {XJ}™, we now replace solution (10) of Eq.(5) by a finite sum whose number of terms N we determine on the basis of a numerical experiment. Substituting expression (10) (taking into account the finiteness of the sum) into Eq.(9), we obtain a system of linear algebraic equations: Az = u (11) where z = {ZJ}^ is a vector composed of the coefficients we are seeking, ajj 6 , u ] to be minimum, (14) for the a value at which N n=0 j; f i is minimum. We substitute the coefficients aj; fi and bj; c so found into expression (10) and construct the boundary magnetic surface in accordance with Eq. (8) .
Note that data on the distribution of the internal and external currents are not required in order to determine the boundary magnetic surface by this method. This is important for tokamaks with a ferromagnetic core.
Integral method
To simplify our further calculations, let us write Eq.(6) in the form where fi and s are points in the space of the two variables r and z.
The integral method is based on solving the boundary value problem in expression (15) with the boundary condition: = (r,z)eL (15a) § (£) is the poloidal magnetic flux generated by the plasma current and measured by the probes along contour L. We regard the distribution of external currents as known.
To determine the position and shape of the plasma column, we fit to the measured values of the flux 5 (£) some plasma current profile j(s) which we determine by solving a Fredholm equation of the first kind -see expression (15) .
To solve Eq. (15), we apply the methods for solving ill-posed problems [11] , which are based on minimizing the regularizing functional:
a being the regularization parameter (a > 0) and q(s) some positive-definite function. The quantity j(s) which minimizes the functional in expression (16) will be the solution of Eq.(l 5). For a < 1, the root-meansquare deviation of the measured value of ^5 from the value calculated by the formula becomes small, and this corresponds to a function j(s) such that
with an error depending on oc.
We find the value of j(s) minimizing the functional M 0^, ^5 ] from the Euler equation, which follows from the fact that the first variation of M 0^, ^5] with respect to the required function j(s) vanishes: S s is the region occupied by current j(s); L is the contour given by the magnetic probe co-ordinates:
Considering the spatial structure of the problem, we introduce quasi-cylindrical co-ordinates, r = R + p c o s # , z = Z + psin# (19) in which the equation for contour L takes the form
The elements of the arc and area are defined by the equalities To solve this equation, we shall discretize the region S into rectangles with sides i?i -t^i_ 2 , pj -pj_j and use the Bubnov-Galerkin method to solve the integral equations [12] . In accordance with this method, we shall choose in S some basis of normalized orthogonal functions *Pjj (#, p) and shall seek an approximate solution in the form
Performing integration on the rectangle S by the Simpson method, we obtain a system of algebraic equations to determine the matrix jij:
The summation is performed over the subscripts, and ji, Np = 0. It is cumbersome to write the matrices G\J , D ij explicitly, so this has been relegated to Appendix 2. Since the system (28) has a large number of conditions, we apply Voevodin's method of reducing   NUCLEAR FUSION, Vol.23, No.10 (1983) the matrix G|j j to the three-diagonal form [13] and then solve by difference factorization [14] . Note that the matrix G|-j is a function of the co-ordinates of region S and contour L and can therefore be calculated in advance. For this reason, the time required to solve Eq.(28) on the BECM-6 computer is short ( « 5 s, depending on the accuracy of approximation of region S and contour L).
Solving Eq.(28) for different a, we obtain a family of solutions for j 0 1 minimizing the functional M^fj, ty]. From this family we select the solution with a value of a such that the function $5 (a) is minimum [11, 15] :
In addition, we require that the current distribution j(s) which we are looking for should satisfy the following conditions:
-The current at the wall of the chamber (or limiter) is zero; -The equilibrium plasma current flows in one direction.
Substituting in Eq.(6) the plasma current distribution thus obtained and the known external current distribution, we construct the boundary magnetic surface in accordance with Eq.(8).
MODEL PROBLEMS. ANALYSIS OF NUMERICAL RESULTS
To analyse the possibilities of the methods developed in this work, let us use the calculation results from a direct plasma MHD equilibrium problem [6, 16] . For the purpose of numerical modelling we may choose a tokamak with a ferromagnetic inductor core and the geometric parameters of the TUMAN-3 machine [17] . Solving the direct MHD equilibrium problem by the method developed in Refs [6, 16, 18] , we shall determine the currents in the plasma-equilibrium control system, the distributions of the current in the plasma and the associated currents in the ferromagnet (for M > 100), and the shape of the boundary magnetic surface. Figure 1 shows the transverse cross-sections of the boundary magnetic surfaces for the different variants of plasma MHD equilibrium. The first magnetic surface occupies the maximum volume of the vacuum chamber and touches the chamber walls at two points (curve 1). The considerable horizontal ellipticity of the surface is attributable to the proximity of the ferromagnet to the plasma ( « 10 cm). The second boundary magnetic surface obtained in the MHD calculation is shifted towards the ferromagnetic core and touches the wall at one point (curve 2). Such a situation can occur in a tokamak during inaccurate operation of the control system or in the adiabatic compression regime. The most general case of unsatisfactory positioning of the surface, when there is no symmetry with respect to the co-ordinates r and z, is represented by curve 3. In all cases, the plasma current was a function of the magnetic surfaces and pressure and was determined from the condition of plasma equilibrium [16, 18] : Vp + (l/c) [J X f ] = 0. The value of the plasma gas-kinetic pressure corresponded to the experimentally observed value [ 17] (ft « 0.5). The magnetic probes measuring the poloidal flux ^5 or components of the poloidal field B were placed uniformly along contour L in the vacuum chamber (Fig. 1) . The number of probes was M = 24. For the purpose of modelling the experimental conditions, the accurate values of the fields (Fig.2a, b -solid curves) and fluxes ( Fig.4a -solid curves) were perturbed with the help of a random number generator. The relative 'noise' amplitude, independent of the quantity measured, was 10%.
To solve the problem of determining the boundary magnetic surface by the differential method, we have to determine the smallest number of terms (N) of (Fig.4b) . The vertical mark on curves 1 and 2 in Fig.4b denotes the values of a for which negative values of jj j appeared at the mesh points. The j(s) distribution and the shape of the boundary magnetic surface obtained for a = 5 X 10"
4 agree with the model current function and with the boundary surface for the direct MHD equilibrium problem. If the values of ^5 are perturbed by the random number generator, the desired solution of Eq.(l 7) is found for much higher values of a (Fig.4b) . This solution no longer corresponds to the condition min $5 (a) since for these a values negative values of j|j appear in the current density distribution j(s), contradicting the assumptions made in Section 2. The plasma current distribution (for q(s) = 1) obtained in this case does not agree with the model value; however, the shape of the boundary magnetic surface does not differ significantly (Fig. 1) 
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For a strongly displaced plasma (Fig. 1 , curves 2 and 3), the search for the current localization region S is performed in a few iteration cycles. In the first iteration the region S occupies the whole transverse cross-section of the vacuum chamber. The boundary magnetic surface S* found in this case may not coincide with the true surface because of the considerable difference between the operator A in Eq.(16) and the corresponding operator used in the solution of the direct problem. In the next iteration cycle the current localization region S is transferred inside surface S* and Eq. (17) is solved again. The results of the calculations performed by this concept for the perturbed fluxes ^5 are shown in Fig.5a and b. The dot-dash curves correspond to the first and the dashed curves to the last iteration.
In conclusion, we show the determination of the boundary magnetic surface in a tokamak with adiabatic plasma compression along the major radius.
For the model calculations we used the adiabaticcompression concept suggested in Ref. [19] . The probes were placed on the outer surface of the vacuum chamber. The calculation results are given in Fig.6 .
CONCLUSIONS
We have used differential and integral methods of solving the boundary value problem and measuring the magnetic field or flux with probes located outside the vacuum chamber, and have thus developed mathematical algorithms which can be used to determine -by a contactless procedure -the position and shape of the boundary magnetic field in a tokamak.
Our numerical experiments have shown that the methods developed in this work are not particularly sensitive to measurement errors and can be used in actual physical experiments on tokamaks (including experiments in the adiabatic plasma compression regime).
We have demonstrated the possibility of applying the integral method of solving the boundary value problem to the diagnostics of plasma current distribution in a tokamak. a r e Legendre functions of the first and second kind [10] .
In the calculations it was assumed that s = k/2. The explicit form of ^0 i s defined by relations (18), (19) and (7).
Pj±l+Pj
In calculating the matrix elements it should be taken into account that p 0 = 0. 
